A (k; g)-cage is a k-regular graph of girth g with minimum order. In this work, for all k ≥ 2 and g ≥ 5 odd, we present an upper bound of the order of a (k; g + 1)-cage, which depends on the order of a (k; g)-cage, improving a previous result of Sauer of 1967. We also show that every (k; 11)-cage contains a cycle of length 12, confirming a case of a conjecture of Harary and Kóvacs of 1983.
Introduction and Notation
Through this work only undirected simple graphs are considered. Let G be a graph with set of vertices V (G) and set of edges E(G). For each vertex v of G, N G (v) and d G (v) denote the set of neighbors and the degree of v in G, respectively. A graph is said to be k-regular if each of its vertices has degree k. The girth g(G) of G is the length of a shortest cycle in G. Given u, v ∈ V (G), the distance between u and v will be denoted as d G (u, v), and a path (resp. walk) starting from u and ending at v will be called a uv-path (resp. uv-walk). Given xy ∈ E(G) and u ∈ V (G), the distance between xy and u is defined as d G (xy, u) = min{d G (x, u), d G (y, u)}. If H is a cycle, path or walk of G, l(H) will denote the length of H. For a subset S ⊆ V (G), we denote by G[S] the subgraph of G induced by S and we write G − S for
Given two integers k ≥ 2 and g ≥ 3, a (k; g)-graph is a k-regular graph with girth g. Let n(k; g) denote the smallest order of a (k; g)-graph. A (k; g)-graph with n(k; g) vertices is called a (k; g)-cage (a cage for short). Cages were introduced by Tutte [13] in 1947 and their existence was first proved by Sachs [11] in 1963.
In 1967 Sauer proved that Theorem 1.1. ( [12] ). For every pair of integers k ≥ 3 and g ≥ 3 odd, n(k; g + 1) ≤ 2n(k; g).
Here, we improve this result by showing that Theorem 1.2. Let k ≥ 2 and g ≥ 5 odd. Then
In [9] , Harary and Kóvacs generalize the concept of (k; g)-cages by replacing the girth condition with a girth pair condition (odd girth and even girth). A graph have girth pair (g, h), with g < h, if g is the girth of the graph and h is the smallest length of a cycle congruent with g + 1 modulo 2. A k-regular graph with girth pair (g, h) of minimum order is said to be a (k; g, h)-cage and the order of a (k; g, h)-cage is denoted by n(k; g, h). In that work the authors proved the existence of (k; g, h)-cages with odd girth g, even girth h, and 3 ≤ g < h; and they conjectured that there exists a (k; g)-cage having a cycle of length g + 1 for all k ≥ 3 and odd g. In other words they established the following conjecture. Conjecture 1.1. ( [9] ) For all k ≥ 3 and g ≥ 3 odd, n(k; g, g + 1) = n(k; g).
In [10] it is proved that, for k ≥ 3 and g ≥ 5, there exists a (k; g)-cage with even girth at most g + (g − 3)/2 if g ≡ 1 (mod 4) and g + (g − 5)/2 if g ≡ 3 (mod 4). This result implies Conjecture 1.1 for all k ≥ 3 and g = 5, 7. In [3] a lower bound for the order of a k-regular graph with odd girth g ≥ 5 and even girth h ≥ g + 3 is presented. As an application it is showed that every (k; g)-cage with k ≥ 3 and g = 5, 7 contains a cycle of length g + 1.
Here, as a corollary of some previous results, we prove that Corollary 1.1. For k ≥ 3, every (k; 11)-cage contains a cycle of length 12.
For more references on cages see the survey of Wong [14] or the survey of Exoo and Jajcay [6] .
Preliminaries and previous results
Let G and H be two graphs. The Kronecker product of G and H, denoted as G ⊗ H, is the graph with
About the Kronecker product, we need the following results. 
Proof. We can suppose
In other case, u 1 u 2 . . . u r−1 u determines a uu 1 -walk in G which do not uses the edge uu 1 and then r = l(C) ≥ g. So g(G ⊗ K 2 ) ≥ g, and since G ⊗ K 2 is bipartite (Proposition 2.1) and g is odd, iii) follows.
We also need the following results.
Proposition 2.2. ([2]
). Let G be a (k, g)-cage, with g ≥ 3 odd, and let h > g be the even girth of G. Let h(G) = min{h, 2g}. Then n(k; h(G)) ≤ 2n(k; g).
Theorem 2.1. ([1]). Let k ≥ 3 be an integer and let q be the smallest prime power such that
Moreover,
Theorem 2.2. ([5, 7, 8])
. Let k ≥ 2 and 3 ≤ g 1 < g 2 be integers. Then n(k; g 1 ) < n(k; g 2 ).
Main Results
Proof of Theorem 1.2 Let G be a (k; g)-cage, and suppose g − 3 ≡ 0 (mod 4).
Since g is odd and G is connected, by Proposition 2.1 and Lemma 2.1 iii), it follows that G ⊗ K 2 is bipartite and g(G ⊗ K 2 ) ≥ g + 1.
Let suppose V (K 2 ) = {0, 1} and let H be the graph obtained by adding to G ⊗ K 2 the set of edges E = {{(u, 0)(u, 1)} : u ∈ X}. From a) we see that H is a k-regular graph.
Let C be a cycle in H. If E(C) ∩ E = ∅, then C is totally contained in G ⊗ K 2 and therefore
Let suppose E(C) ∩ E = {(u, 0)(u, 1)} for some u ∈ X. Thus C contains an (u, 0)(u, 1)-path totally contained in G ⊗ K 2 , which, by Lemma 2.1 ii) implies that l(C)
then C contains at least two paths, P 1 and P 2 , between vertices of X totally contained in G ⊗ K 2 . Then by Lemma 2.1 i) and b) it follows that
Therefore H is a (k; g(H))-graph with g(H) ≥ g + 1 and |V (H)| ≥ n(k, g(H)). Hence, by Theorem 2.2,
Now just observe that
and the first case follows.
4 } (see Figure  1) . 
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Figure 1: k = 3 and g = 9.
and, as in the previous case, it is not hard to see that
. Let suppose V (K 2 ) = {0, 1} and let H be the graph obtained by adding to G ⊗ K 2 the set of edges E = {{(u, 0)(u, 1)} : u ∈ X ∪ Y }.
From here, in an analogous way as in the previous case, we see that On the other hand, by Proposition 2.2, n(k, h(G)) ≤ 2n(k, 11) which, by Theorem 2.2, implies that n(k, h(G)) < 2n(k, 12). Thus, by Theorem 2.1 and (1), we have that where q is the smallest prime power such that k ≤ q.
From here, and after some tedious, but easy calculations, we see that h(G) ≤ 12 and the result follows.
